Radiative 3He-alpha reaction in Halo Effective Field Theory by Higa, Renato et al.
ar
X
iv
:1
61
2.
08
95
9v
2 
 [n
uc
l-t
h]
  2
6 M
ay
 20
18
INT-PUB-16-055
Radiative 3He(α, γ)7Be reaction in Halo Effective Field Theory
Renato Higa a,∗ Gautam Rupak b,† and Akshay Vaghani b‡
a Instituto de F´ısica, Universidade de Sa˜o Paulo,
R. do Mata˜o 1371, 05508-090, Sa˜o Paulo, SP, Brazil
b Department of Physics & Astronomy and HPC2 Center for Computational Sciences,
Mississippi State University, Mississippi State, MS 39762, U.S.A.
Abstract
In this work we study the radiative capture of 3He on 4He within the halo effective field theory
(EFT) framework. At leading order the capture amplitude comprises the initial state s-wave strong
and Coulomb interactions summed to all orders. At the same order in the expansion, leading two-
body currents contribute as well. We find delicate cancelations between the various contributions,
and the two-body current contributions can be replaced by appropriately enhancing the asymptotic
normalizations of the 7Be ground and first excited state wave functions. The next-to-leading order
corrections come from the s-wave shape parameter and the pure Coulomb d-wave initial state
interactions. We fit the EFT parameters to available scattering data and most recent capture
data. Our zero-energy astrophysical S-factor estimate, S34 ∼ 0.55 keV b, is consistent within error
bars with the average in the literature.
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I. INTRODUCTION
Low-energy reaction rates involving light nuclei have become a recurrent subject nowa-
days, given their importance in many astrophysical processes. As astronomical observations
aim at more accuracy, comparable improvements from experiments and theoretical estimates
are desired for these reactions. An example is the process 3He(α, γ)7Be that takes place in
the interior of our Sun. The astrophysical S-factor for this reaction within the Gamov win-
dow EG ∼ 20 keV is the main source of uncertainty in the solar neutrino flux detected on
Earth. For instance, the flux of neutrinos from the β+ decay of 8B and from the electron
capture on 7Be are proportional to [S34]
0.81 and [S34]
0.86, respectively [1–3]. The first weak
decay provides energetic solar neutrinos that were detected by Super-K [4] and SNO [5] but
depends also on the 7Be(p, γ)8B reaction rate. Electron capture on 7Be, on the other hand,
provides a solar neutrino flux three orders of magnitude higher than the former process [6, 7],
with less energetic neutrinos which can be measured by the BOREXINO experiment at Gran
Sasso [8], and depends exclusively on the 3He(α, γ)7Be reaction. In either case, the need
for a better description of the latter at very low energies is of prime importance in order
to improve constraints from solar neutrinos, like mass hierarchy, flavor mixing angles and
CP violating phases. Besides neutrino physics, the 3He(α, γ)7Be(e−, ν)7Li chain reaction is
the main source of 7Li production during big bang nucleosynthesis (BBN), with a Gamov
window 100 keV . EG . 900 keV. The primordial abundance of
7Li calculated from BBN
and WMAP cosmic baryon density measurements is a factor of 3 to 4 times larger than
observations of metal-poor stars in our galaxy [1, 9, 10], which constitutes the so-called
lithium problem. Many proposals to solve this puzzle, that involves alternative astronomi-
cal measurements and modeling, nuclear, and particle physics, can be strongly constrained
with more reliable information on S34, since the abundance ratio
7Li/H ∝ [S34]0.96 [1, 9].
Given its importance to the topics mentioned above, several measurements of the
3He(α, γ)7Be reaction were done in the past (see [3] and references therein) and most
recent years [1, 11]. As pointed out in Ref. [1], measurements done prior to the review
article [3] fall into two discrepant groups—those based on induced 7Be activity, and those
relying on prompt γ-ray detection. Due to improvements in detectors and background
suppressions, this discrepancy is no longer present in the most recent measurements [11].
Nevertheless, error bars are still relatively large in the low-energy regime of astrophysical
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interest, due to the strong suppression of events by the Coulomb repulsion. The higher
energy data where statistics are better shall therefore be theoretically extrapolated down to
astrophysically relevant energies in an as less model-dependent way as possible.
The 7Be nucleus has a predominant 3He-α cluster structure. Its ground state binding
energy, B0 ∼ 1.6 MeV, is considerably smaller than the proton separation energy in 3He
(Sp ∼ 5.5 MeV) and the energy of the first excited state of the α particle (∼ 20 MeV).
The distinct two-cluster configuration of 7Be, with tight constituents and the low-energy
regime one is interested in, make this reaction very suitable for a halo effective field theory
(halo EFT) approach. Halo EFT was first formulated in Refs. [12, 13] in their study of the
shallow p-wave neutron-alpha resonance and applied to other systems, such as the s-wave
alpha-alpha resonance [14, 15], three-body halo nuclei [16, 17], coupled-channel proton-7Li
scattering [18], electromagnetic transitions [19] and capture reactions [20–27]. In this work,
we apply the same ideas to the 3He(α, γ)7Be radiative reaction, following a two-cluster
approach of point-like objects at leading order (LO) approximation. Corrections due to
the structure of each cluster and higher order electromagnetic interactions are taken into
account in perturbation theory. In halo EFT, a systematic and model-independent expansion
of observables is achieved through the use of an expansion parameter —formed by the ratio
of a soft momentum scale Q, associated with the shallowness of the binding of the clusters,
and a hard momentum scale Λ, related to the tightness of the cores. Moreover, the formalism
guarantees unambiguous inclusion of electromagnetic interactions that preserve the required
symmetry constraints, such as gauge invariance.
The paper is organized as follows. In Sec. II we briefly comment on the energy scales,
degrees of freedom, and channels relevant to the dominant E1 transition, as well as the con-
struction of the corresponding interaction lagrangian. Sec. III presents the main elements
necessary to deal with Coulomb interactions between the 3He and α nuclei. The amplitude
for both initial elastic scattering state and final bound state are obtained in the halo EFT
framework in Sec. IV. There we also relate the EFT couplings to the effective range param-
eters and set the power-counting. Sec. V collects the relevant expressions for the capture
amplitude and cross section, whose numerical results are shown and discussed in Sec. VI. We
present the EFT power-counting here. Our concluding remarks are presented in Sec. VII.
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II. INTERACTION
The halo EFT we construct treats the 7Be nucleus as a bound state of point-like nuclear
clusters 3He and α. The 3
2
−
ground state has a binding energy B0 = 1.5866 MeV, and the
1
2
−
first excited state has a binding energy B1 = 1.1575 MeV. The next excited state of
7Be
is about 3 MeV above the 3He-α threshold [28]. In halo EFT the ground and first excited
states are included respectively as 2P3/2 and
2P1/2 in the spectroscopic notation
2S+1LJ . The
states beyond the first excited state are not included in the low-energy theory. Similarly,
only the ground states of 3He and α are relevant at astrophysical energies.
Early works on radiative capture 3He(α, γ)7Be indicate it is dominated by the E1 transi-
tion from the initial s-wave state at low energies, see Ref. [1]. In the phase shift analysis of
experimental data we use, the Coulomb subtracted d-wave phase shift is found to be small
and treated as zero [29]. In the EFT we include initial d-wave state with only Coulomb but
no strong interaction. Thus we consider the following Lagrangian for the calculation,
L =ψ†
[
i∂0 +
∇2
2mψ
]
ψ + φ†
[
i∂0 +
∇2
2mφ
]
φ
+ χ
(ζ)
[j]
†
[
∆(ζ) + i∂0 +
∇2
2M
]
χ
(ζ)
[j] + h
(ζ)
[
χ
(ζ)
[j]
†
ψP
(ζ)
[j] φ+ h. c.
]
, (1)
where the spin-1/2 fermion field ψ represents the 1
2
+ 3He nucleus field with mass mψ =
2809.41 MeV, and the scalar field φ represents the spinless 0+ α field, with massmφ = 3728.4
MeV. M = mψ +mφ is the total mass. We use natural units with ~ = 1 = c. Note that,
for some physical quantities, we keep more significant digits than necessary until presenting
our final results. The projectors P[j] and the auxiliary fields χ
(ζ)
[j] carry vector and spinor
indices [j] to specify the relevant spin-angular momentum channels for the incoming states
ζ = 2S1/2,
2D3/2,
2D5/2, final ground state ζ =
2P3/2, and final excited state ζ =
2P1/2,
described below. We use the shorthand notation ζ = ± to refer to the 2P3/2 and 2P1/2
channels, respectively.
The s-wave interaction can be written using a spin-1/2 auxiliary field χα,s as:
χα,s†
[
∆(s) + i∂0 +
∇2
2M
]
χα,s + h(s)
[
χα,s†P αβ,sψβφ+ h. c.
]
, (2)
where the spinor indices α, β on the fields χα,s and ψβ are contracted using the diagonal
s-wave projector P αβ,s = δαβ . The spinor index α = 1, 2. The two s-wave couplings ∆(s)
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and h(s) can be fitted to scattering length a0 and effective range r0 for elastic scattering of
3He and α. We discuss this in more detail when we consider the relevant power-counting.
For the final state, we want to project the vector index i = 1, 2, 3 for the p-wave and the
spinor index α for the 3He spin into total angular momentum j = 1/2 and j = 3/2 pieces.
This can be done for a generic auxiliary field χαi as follows:
χαi =
1
3
(σiσj)
αβχβj +
[
δijδ
αβ − 1
3
(σiσj)
αβ
]
χβj , (3)
where the two pieces are the irreducible forms representing the 2P1/2 and
2P3/2 channels,
respectively. The Pauli matrices σi’s act on the spinor indices. The two p-wave interactions
can then be written as
χα,ζi
†
[
∆(ζ) + i∂0 +
∇2
2M
]
χα,ζi +
√
3h(ζ)
χα,ζi †P αβ,ζij ψβ
( →
∇
mφ
−
←
∇
mψ
)
j
φ+ h. c.
 , (4)
where the p-wave projectors are
P αβ,ζij =
1
3
(σiσj)
αβ for ζ = 2P1/2 ,
P αβ,ζij = δijδ
αβ − 1
3
(σiσj)
αβ for ζ = 2P3/2 . (5)
The two couplings ∆(ζ), h(ζ) in each of the two p-wave channels can be determined from
the corresponding binding momentum and effective range. For bound states, both of these
couplings contribute at LO [12, 13]. This remains true even in the presence of long-range
Coulomb interaction as we have here.
The capture calculation proceeds through the E1 transition. For one-body currents we
couple the external photon through minimal substitution, that corresponds to gauging the
momentum of the charged particle, p → p + ZeA, where Z is the charge number. We
include the long-range Coulomb interaction between the 3He and α nuclei to all orders in
perturbation by summing the Coulomb ladder as described below. Two-body currents that
are not related to elastic scattering operators by gauge invariance also contribute to the E1
transition between s-wave, and p-wave ground and excited states. These can be written
using the auxiliary fields as
eµ
(
Zφ
mφ
− Zψ
mψ
)
L
(ζ)
E1
√
3h(s)h(ζ)χα,ζi
†
P αβ,ζij χ
β,sEj , (6)
where µ is the reduced mass, E is the electric field, Zψ = 2 and Zφ = 2 are the charge
numbers of 3He and α, respectively. We include factors of h(s), h(ζ) and the effective charge
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eµ(Zφ/mφ − Zψ/mψ) in the definition of the coupling LE1. In the absence of Coulomb in-
teraction, for a single charged particle, this reduces to a factor of ∼ 2π/
(
µ
√
r0r
(ζ)
1
)
that
has been suggested earlier [30]. Two-body currents such as this are usually not included in
potential model calculations. Note that in our halo EFT formalism the one- and two-body
currents are effective ones, whose origins lie in a more complicated one- and many-nucleon
electromagnetic currents. The intricate contributions between different many-nucleon cur-
rents are discussed in a variational 4-nucleon study of Refs. [31, 32] and in a three-cluster
(p-d-4He) model of Ref. [33], but is beyond the scope of this work.
III. COULOMB LADDER
For the scattering of two charged particles 3He and α at low energy, the relevant quantity
that provides the strength of Coulomb photon exchanges is the Sommerfeld parameter ηp =
αeZψZφµ/p, where αe = e
2/(4π) ≈ 1/137 is the electromagnetic fine structure constant,
and p is the relative center-of-mass (c.m.) momentum. The inverse of the Bohr radius of
the system defines the momentum scale kC = αeZψZφµ and the Sommerfeld parameter is
written as the ratio ηp = kC/p. Each photon exchange is proportional to ηp. In the low-
energy region that we consider, p . kC, multiple photon exchanges contribute at least at
the same order, forcing the summation of Coulomb ladder diagrams, Fig. 1.
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FIG. 1. Coulomb ladder diagrams. The double line represents the scalar α particle, and the single
line with an arrow the fermionic 3He nucleus. The wavy lines represent photons. We only include
Coulomb photon interaction between the charged particles.
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The Coulomb scattering amplitude TC satisfies the following useful relations
|χ(±)p 〉 = |p〉+ Ĝ(±)0 T̂C |p〉 ,
Ĝ
(±)
C = Ĝ
(±)
0 + Ĝ
(±)
0 T̂CĜ
(±)
0 , (7)
where |p〉 is a plane wave state in the two-particle c.m. system, and |χ(+)k 〉 (|χ(−)k 〉) is the
incoming (outgoing) Coulomb scattering state. The free and Coulomb Green’s functions as
operators are respectively written as
Ĝ
(±)
0 = (E − Ĥ0 ± iǫ)−1 ,
Ĝ
(±)
C = (E − Ĥ0 − V̂C ± iǫ)−1 . (8)
The ±iǫ signs in the definitions correspond to retarded and advanced Green’s functions.
Taking expectation values between final 〈p′| and initial |p〉 momentum states, one can
derive several useful relations,
G
(±)
0 (E;p
′,p) ≡ 〈p′|Ĝ(±)0 |p〉 =
(2π)3δ(p′ − p)
E − p′ 2/(2µ)± iǫ ,
TC(E;p
′,p)
E − p′ 2/(2µ)± iǫ ≡ 〈p
′|Ĝ0T̂C |p〉 = χ(±)p (p′)− (2π)3δ(p′ − p) ,
G
(±)
C (E;p
′,p) ≡ 〈p′|Ĝ(±)C |p〉
= G
(±)
0 (E;p
′,p) +
TC(E;p
′,p)
[E − p′ 2/(2µ)± iǫ] [E − p2/(2µ)± iǫ] , (9)
with χ
(±)
p (p′) ≡ 〈p′|χ(±)p 〉. The diagrammatic relation between t̂C and T̂C from Fig. 1 can
be expressed as
tC(E;p
′,p) = (2π)3δ(p′ − p)
(
E − p
′ 2
2µ
± iǫ
)
+ TC(E;p
′,p) , (10)
and helps write tC(E;p
′,p) in terms of χ
(±)
p (p′) and G
(±)
C (E;p
′,p).
The Coulomb wave function and the retarded Green’s function are known in closed form
in coordinate space [34, 35],
χ˜(±)p (r) ≡ e−
ηppi
2 Γ(1± iηp) 1F1(∓iηp, 1;±ipr − ip · r)eip·r ,
χ˜(+)p (r) =
∞∑
l=0
(2l + 1)ileiσlPl(pˆ · rˆ)Fl(ηp, pr)
pr
,
G
(+)
C (E; r
′, r) ≡
∞∑
l=0
(2l + 1)Pl(rˆ
′ · rˆ)G(l)C (E, r′, r) ,
G
(l)
C (E, r
′, r) = −µp
2π
Fl(ηp, r<p)
r<p
H
(+)
l (ηp, r>p)
r>p
, (11)
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where r< (r>) correspond to the lesser (greater) of the coordinates r, r
′, and
Fl(ηp, ρ) = Cl(ηp)2
−l−1(−i)l+1Miηp,l+1/2(2iρ) ,
H
(+)
l (ηp, ρ) = (−i)lepiηp/2eiσl(ηp)W−iηp,l+1/2(−i2ρ) ,
Cl(ηp) =
2le−piηp/2|Γ(l + 1 + iηp)|
Γ(2l + 2)
, (12)
with conventionally defined Whittaker functionsMk,µ(z) andWk,µ(z). Fl(ηp, ρ) is the regular
Coulomb wave function, the irregular wave function is given by Gl(ηp, ρ) = H
(+)
l (ηp, ρ) −
iFl(ηp, ρ), and σl = arg Γ(l + 1 + iηp) is the Coulomb phase shift. We define the Coulomb
Green’s function for a bound state with binding energy B as
G
(l)
C (−B, r′, r) = −i
µγ
2π
Fl(ηiγ, iγr
′)
iγr′
H
(+)
l (ηiγ, iγr)
iγr
, (13)
where γ =
√
2µB is the binding momentum. The coordinate space definitions assume r′ < r.
In the limit r′ ∼ 0 ≪ r ∼ ∞ for charged neutral particles (Zψ = 0 = Zφ), we recover the
expected result
G
(0)
C (−B, r′ → 0, r) ∼ −
µ
2πr
e−γr . (14)
IV. ELASTIC SCATTERING
The elastic scattering amplitude T (E;p′,p) in the presence of both short-range strong
and long-range Coulomb interactions is traditionally written as
T (E;p′,p) = TC(E;p
′,p) + TSC(E;p
′,p) , (15)
where the purely Coulomb contribution can be written as
TC(E;p
′,p) =
∞∑
l=0
(2l + 1)T
(l)
C (E; p)Pl(pˆ
′ · pˆ) = −2π
µ
∞∑
l=0
(2l + 1)
e2iσl − 1
2ip
Pl(pˆ
′ · pˆ) , (16)
using the incoming (outgoing) c.m. momentum p (p′).
The on-shell Coulomb-subtracted amplitude can also be expanded in partial waves as
T
(l)
SC = −
2π
µ
e2iσl
p cot δl − ip , (17)
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where the full phase shift is simply δl+σl. The Coulomb-subtracted phase shift δl is usually
expressed in terms of a modified effective range expansion (ERE)[
Γ(2l + 2)
2lΓ(l + 1)
]2
[Cl(ηp)]
2p2l+1(cot δl − i) = − 1
al
+
1
2
rlp
2 +
1
4
slp
4 + · · ·
− 2kC p
2l
Γ(l + 1)2
|Γ(l + 1 + iηp)|2
|Γ(1 + iηp)|2 H(ηp) ,
H(η) = ψ(iη) +
1
2iη
− ln(iη) , (18)
with ψ(x) the digamma function. The · · · above represents terms with higher powers in p2.
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FIG. 2. Elastic scattering in s- and p-wave. The dashed line represents the auxiliary field χ in s-
and p-wave as appropriate. The rest of the notation is the same as in Fig. 1.
The amplitude TSC is given in EFT by the set of diagrams in Fig. 2. The s-wave amplitude
for c.m. incoming momentum p and outgoing momentum p′, with p = |p| = |p′| and
E = p2/(2µ), can be written as
−iT (0)SC = (2µ)2
[∫
d3k
(2π)3
tc(E;p
′,k)
k2 − p2 − iǫ
] [−i(h(s))2D(s) (E, 0)] [∫ d3l
(2π)3
tc(E; l,p)
l2 − p2 − iǫ
]
= −i[h(s)]2D(s)(E, 0)χ˜(−)∗p′ (0)χ˜(+)p (0) = −i[h(s)]2D(s)(E, 0)C20(ηp)ei2σ0 , (19)
where the dressed dimer propagator is given by
D(s)(p0,p = 0) =
1
∆(s) + p0 − [h(s)]2J0(
√
2µp0)
,
J0(p =
√
2µE) = GC(E; r = 0, r
′ = 0) = −2µ
∫
d3q
(2π)3
1
[q2 − p2 − iǫ]
2πηq
[e2piηq − 1] . (20)
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Using the modified ERE from Eq. (18) in Eq. (17) and comparing to the s-wave EFT
expression in Eq. (19), we can determine the two couplings in terms of a0 and r0,
∆(s) =
µh(s)2
2πa0
− µh
(s)2
2π
{
2kC
[
1
D−4 − ln
(
λ
√
π
2kC
)
− 1 + 3
2
CE
]
+ λ
}
, (21)
[h(s)]2 = − 2π
µ2r0
,
where the space-time dimensions D → 4 and λ is the renormalization scale within the power-
divergence subtraction (PDS) scheme [36]. The λ-dependent EFT couplings were derived
to reproduce the scattering amplitude written only in terms of scattering parameters a0, r0,
etc. Thus the physical observables are finite and explicitly independent of λ.
The elastic scattering amplitude requires non-perturbative treatment of the Coulomb
photons at low energies. However, it is not clear if the short-range interaction contained
in the parameters a0, r0, etc., should be included in perturbation or not. Fitting the EFT
expression to both elastic and capture data a posteriori, we find that both the scattering
length a0 and the effective range r0 contribute at LO. We propose a power-counting where
a0 ∼ Λ2/Q3 is fine-tuned, and r0 ∼ 1/Λ is of natural size. However, there is a further fine-
tuning in that the combination r0p
2/2− 2kCH(ηp) ∼ Q3/Λ2 for low momentum p ∼ Q [14].
Then the s-wave scattering amplitude gets LO contributions from a0, r0 for p ∼ Q. The
contribution from a natural-size shape parameter s0 ∼ 1/Λ3 is suppressed by a relative
factor of Q/Λ, and contributes at NLO.
The p-wave amplitude is written as
−i3T (1)SC pˆ′ · pˆ = −i[h(ζ)]2D(ζ)(E, 0)[∇aχ˜(−)∗p′ (0)][∇aχ˜(+)p (0)] , (22)
with the p-wave dressed dimer propagator written as
D(ζ)(E, 0) =
1
∆(ζ) + E − 3[h(ζ)]2J1(p)/µ2 ,
J1(p) =− 2µ
n
∫
dnk
(2π)n
1
k2 − p2 − iδ [∇aχ˜
(+)∗
k (0)][∇aχ˜(+)k (0)] . (23)
J1(p) is given by a divergent integral that we regulate through dimensional regularization in
n = D − 1 space dimensions. Using the relations
[∇aχ˜(−)∗p′ (0)][∇aχ˜(+)p (0)] =e−piηpΓ(2 + iηp)2 p′ · p ,
[∇aχ˜(+)∗k (0)][∇aχ˜(+)k (0)] =(k2 + β2)
2πηk
e2piηk − 1 , (24)
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the PDS prescription for the integrals, and relating Eqs. (17), (18) to Eq. (22), one gets
∆(ζ) =
h(ζ)2
2πµa1
− h
(ζ)2
2πµ
{
2k3C
[
1
D−4 − ln
(
λ
√
π
2kC
)
− 1 + 3
2
CE
]
+k2C
(
3λ
2
− 2kC
3
)
+ 8π2k3Cζ
′(−2) + π
2λk2C
2
− 3πλ
2kC
2
+
πλ3
2
}
,
2π
[h(ζ)]2
= −r(ζ)1 − 2
{
2kC
[
1
D−4 − ln
(
λ
√
π
2kC
)
− 1 + 3
2
CE
]
+
(
3λ
2
− 2kC
3
)}
. (25)
The p-wave amplitude is λ-independent though the EFT couplings evolve as functions of it,
similar to the s-wave result above.
The dressed p-wave dimer propagator defines the wave function renormalization constant
1
Z(ζ) =
∂
∂p0
[
D(ζ)(p0;p)
−1
] ∣∣
p0=p2/(2µ)−B(ζ)
=− h
(ζ)2
2πp
∂
∂p
[
− 1
a1
+
1
2
r1p
2 +
1
4
s1 + · · · − 2kC(k2C + p2)H(ηp)
] ∣∣
p=iγ
, (26)
where B(ζ) is the p-wave binding energy. To ensure the modified ERE parameters are
consistent with the bound state energies we redefine the ERE for p-waves as
9[C1(ηp)]
2p3(cot δ1 − i) = 2kC(k2C − γ2)H(−iηγ) +
1
2
ρ1(p
2+γ2)+
1
4
σ1(p
2+γ2)2 + · · ·
−2kC(k2C + p2)H(ηp) . (27)
A straightforward calculation leads to
− 2π
h(ζ)2Z(ζ) = ρ
(ζ)
1 − 4kC H
(
−ikC
γ
)
− 2k
2
C
γ3
(k2C − γ2)
[
ψ′
(
kC
γ
)
− γ
2
2k2C
− γ
kC
]
, (28)
such that the wave function renormalization constant depends only on the binding momen-
tum γ and the effective range ρ1, to all orders in perturbation. From the second relation
in Eq. (25), we propose 2pi
[h(ζ)]2
∼ Q ∼ kC ∼ r(ζ)1 ∼ ρ(ζ)1 . Then the first relation gives
∆(ζ) ∼ Q2/µ, and all the terms in the denominator of the dimer propagator in Eq. (23) scale
as Q2/µ. This makes the contribution from the binding momentum γ and effective range
ρ1 LO. The combination h
(ζ)2Z(ζ) controls the normalization of the capture cross-section as
shown in the next section. The shape parameter σ1 does not contribute to the wave func-
tion renormalization or the capture cross section. However, a natural-size σ1 ∼ 1/Λ would
contribute to the p-wave phase shift at NLO.
11
V. RADIATIVE CAPTURE
We assign the c.m. momenta p to the α particle, and k to the outgoing photon in the final
state. From energy-momentum conservation |k| = (p2 + γ2)/(2µ) ∼ Q2/µ ≪ Q ∼ γ ∼ p
in the EFT power-counting. Thus in a typical loop calculation a combination such as
Eψ+k0+q0−(q+k+p)2/(2mψ) is approximated asEψ+k0+q0−(q+p)2/(2mψ) ∼ Q2/µ where
Eψ = p
2/(2mψ) and (q0, q) is the loop energy-momentum. This approximation corresponds
to zero-recoil of the final bound state 7Be. We count Q/µ ∼ Q2/Λ2 ≪ Q/Λ and neglect
recoil effects in this calculation up to NLO.
In this section we present some of the Feynman diagrams that contribute to the capture
process, see Figs. 3, 4, 5. In the next section when we present our analysis, we elaborate
more on the power-counting and discuss how these sets of diagrams constitute the EFT
contribution up to NLO. We consider E1 transitions from the initial 2S1/2 state to both final
bound states, ground 2P3/2 and excited
2P1/2. The external photon is minimally coupled
to the charged clusters at LO. Capture from initial 2D5/2 and
2D3/2 states without strong
interaction are included as well.
✭❛
✶
✮ ✭❛
✷
✮
✭❛
✸
✮
FIG. 3. Group A diagrams. Radiative capture without initial state strong interaction. The ⊗
represents the final bound state. The external photon represented by the wavy line is minimally
coupled to the charged particles as described in the text. The rest of the notation is the same as
in Figs 1, 2.
The first set of diagrams from Fig. 3 include only Coulomb interactions for the incoming
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charged particles 3He and α. We find for s-wave capture
(a1) + (a2) = −e
iσ0 A(p)
µ
C0(ηp)Γ
(ζ)
aa ,
(a3) = −χ˜(+)p (r = 0)Γ(ζ)aa = −C0(ηp)eiσ0 Γ(ζ)aa ,
A(p) =
2γµ
3
Γ(2 + kC/γ)
C0(ηp)
∫ ∞
0
dr rW−kC/γ,3/2(2γr)∂r
[
F0(kC/p)
pr
]
, (29)
where the index ζ refers to the final p-wave bound states. The corresponding binding
momentum γ is given by γ0 =
√
2µB0 and γ1 =
√
2µB1 for the ground and the first excited
states, respectively. The Whittaker function W−kC/γ,3/2(2γr) is associated with the final p-
wave bound state, and the s-wave Coulomb wave function F0(ηp) is associated with the initial
incoming scattering state. There is also a d-wave contribution from diagrams (a1) + (a2)
that is given by
− 3µeiσ2Y (p)(pˆapˆb − 1
3
δab)Γab , with
Y (p) =
2γ
3
Γ(2 + kC/γ)
∫ ∞
0
dr rW−kC/γ,3/2(2γr)
(
∂
∂r
+
3
r
)
F2(ηp, rp)
rp
, (30)
where we chose the incoming relative momentum p to point in the zˆ-direction.
The projection onto the p-wave states is given by
Γ
(ζ)
ab =
(
eZφ
mφ
− eZψ
mψ
)
(h(ζ)
√
3
√
Z(ζ)√2mφ)ǫ∗aU∗α,ζi (−~k)P αβ,ζib Uβ,ψ(−~p) , (31)
where ǫa is the photon polarization vector, Z(ζ) is given by Eq. (28), U ζ is the spinor field for
the p-wave final state with mass M = mψ +mφ, and U
ψ is the spinor field for the incoming
3He nucleus. The spinor fields satisfy the completeness relations
∑
pol.
Uα,ζi (p)[U
β,ζ
j (p)]
∗ = 2MP αβ,ζij ,∑
pol.
Uα,ψ(p)[Uβ,ψ(p)]∗ = 2mψδ
αβ , (32)
where i, j are vector indices, and α, β are spin indices.
The second set of diagrams from Fig. 4 involve the initial state short-range interaction
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✭❜
✶
✮
✭❜
✷
✮
✭❜
✸
✮
FIG. 4. Group B diagrams. Radiative capture with initial state s-wave strong interaction repre-
sented by the dressed dimer. We use the same notation as Figs. 1, 2 and 3.
that is constrained by the s-wave phase shift through the ERE. We find
(b1) + (b2) =
2π
µ
C0(ηp)e
iσ0
− 1
a0
+ r0
2
p2 + s0
4
p4 + · · · − 2kCH(ηp)
Bab(p)
µ
Γab ,
Bab(p) = −3
∫
d3r
[
G
(1)
C (−B; r′, r)
r′
] ∣∣∣
r′=0
∂G
(+)
C (E; r, 0)
∂ra
rb
r
,[
G
(1)
C (−B; r′, r)
r′
] ∣∣∣
r′=0
= − µγ
6πr
Γ(2 + kC/γ)W−kC/γ,3/2(2γr) ,
G
(+)
C (E; r, 0) = −
µ
2πr
Γ(1 + ikC/p)W−ikC/p,1/2(−i2pr) . (33)
The integral Bab is divergent, which is rendered finite when combined with the contribution
from the third diagram,
(b3) =
2π
µ
C0(ηp)e
iσ0
− 1
a0
+ r0
2
p2 + s0
4
p4 + · · · − 2kCH(ηp)
J0(p)Γaa . (34)
We regulate the divergences using PDS, which is most conveniently done in this calculation
in momentum space. The divergences come from zero and single Coulomb photon exchanges.
Thus we analytically calculate the divergent pieces perturbatively up to O(αe) and calculate
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the rest (more than a single Coulomb photon), that is not divergent, numerically:
Bab(p) ≡ B(0)ab (p) + αeB(1)ab (p) + ∆Bab(p) ,
B
(0)
ab ≡ B(0)δab = µ2
[
λ
2π
+
1
3π
ip3 − γ3
p2 + γ2
]
δab ,
αeB
(1)
ab ≡ αeB(1)δab = −
kCµ
2
2π
[
1
4−D + ln
πλ2
4k2C
− γE − 2
3
+ ln 4π
]
δab + kC C(p)δab ,
C(p) =
µ2
6π2(p2 + γ2)
∫ 1
0
dx
∫ 1
0
dy
1√
x(1− x)√1− y
×
(
xp2 ln
[
π
4k2C
(−yp2 + (1− y)γ2/x− iδ)
]
+p2 ln
[
π
4k2C
(−yp2 − (1− y)p2/x− iδ)
]
+xγ2 ln
[
π
4k2C
(yγ2 + (1− y)γ2/x− iδ)
]
+γ2 ln
[
π
4k2C
(yγ2 − (1− y)p2/x− iδ)
])
. (35)
The double integral C(p) can be reduced further to a single integral that we evaluate nu-
merically. The finite piece ∆Bab is evaluated numerically where we use spherical symmetry
to write (rb/r)[∂/∂ra] = (rarb/r
2)[∂/∂r] → (δab/3)[∂/∂r] in the integral. Consequently,
∆Bab(p) ≡ ∆B(p)δab and also Bab(p) ≡ B(p)δab.
We do a similar decomposition of J0(p) to write
J0(p) = J
(0)
0 (p) + αeJ
(1)
0 +∆J0(p) ,
J
(0)
0 (p) = −
µ
2π
(ip+ λ) ,
αeJ
(1)
0 =
kCµ
2π
[
1
4−D + 1− γE + iπ + ln
πλ2
4p2
]
, (36)
and the finite piece as
∆J0(0) = −2µ
∫
dnq
(2π)n
1
q2 − p2 − iδ
[
2πηq
exp(2πηq)− 1 − 1 + πηq
]
=
iµp
2π
+
kCµ
2π
[
−2H(ηp)− 2γE − iπ + ln p
2
k2C
]
. (37)
Comparing Eqs. (35) and (36), we see that the divergent pieces in the term J0(p) +
B(p)/µ cancel when combining diagrams (b1) + (b2) with (b3). The final result is finite and
independent of the renormalization scale λ.
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▲✭✏✮
❊✶
FIG. 5. Two-body current represented by the square. The rest of the notation is the same as in
Figs 1, 2, 3.
The third contribution is from two-body currents in Eq. (6) that contribute to E1 capture
to the ground and excited states. The diagram in Fig. 5 gives the contribution
2πC0(ηp)e
iσ0 k0
−1/a0 + r02 p2 + s04 p4 + · · · − 2kCH(ηp)
× L(ζ)E1 . (38)
Thus we have the following expression for the capture amplitude from the initial s-wave
state
A(p)Γ(ζ)aa ≡ −eiσ0C0(ηp) Γ(ζ)aa
[
1
µ
A(p) + 1− 2π
µ2
B(0)(p) + αeB
(1)(p) + ∆B(p) + µJ0(p)
− 1
a0
+ r0
2
p2 + s0
4
p4 + · · · − 2kCH(ηp)
− 2πk0−1/a0 + r02 p2 + s04 p4 + · · · − 2kCH(ηp)
× L(ζ)E1
]
. (39)
The total cross section and the S-factor can be calculated as
σ(p) =
1
16πM2
1
2
[
p2 + γ21
2µp
|M (2P1/2)|2 + p
2 + γ20
2µp
|M (2P3/2)|2
]
,
S34(E) = Ee
2piηpσ(p =
√
2µE) , (40)
where we averaged over the initial 3He spin and summed over the final state photon polar-
ization and 7Be spin. The amplitude squared is
|M (ζ)|2 = (2j + 1)
(
Zφmψ
M
− Zψmφ
M
)2
64παeM
2([h(ζ)]2Z(ζ))
µ
× [|A(p)|2 + 2|Y (p)|2] , (41)
with angular momentum j = 1/2 for the excited state and j = 3/2 for the ground state.
The function Y (p) is the contribution from d-wave initial states, Eq (30). These expressions
reduce to the corresponding forms for the capture reaction 7Li(n, γ)8Li when the long-range
Coulomb interaction is turned off [20, 21].
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VI. RESULTS AND ANALYSIS
To predict the S-factor at solar energies using the EFT expression in Eq. (40) we need
to determine the elastic s- and p-wave scattering parameters, and the two couplings for
two-body currents. Usually, one-body currents dominate. Thus we start the analysis with
the diagrams from Figs. 3 and 4 that can be constrained by elastic scattering, in principle.
However, the phase shifts for 3He(α, α)3He are poorly known. The phase shift analysis is
from a very old source [37] that was analyzed again by Boykin et al. in Ref. [29] where the
experimental errors were quantified.
Numerical analysis of the s-wave phase shifts yields a0 ∼ 20− 30 fm and r0 ∼ 1 fm. The
size of the effective range r0 is consistent with Λ ∼ 1/r0 ∼ 150−200 MeV which is about the
pion mass, the expected breakdown scale of the halo EFT. We take the low-momentum scale
Q to be about the binding momenta of the ground and excited states, γ0 ∼ γ1 ∼ 60−70 MeV.
Thus this suggests the scattering length to be fine-tuned. At an arbitrarily low momentum,
the relative contribution of the diagrams from Fig. 4 compared to the diagrams in Fig. 3, see
Eq. (39), is ∼ 2π(B + µJ0)a0/µ2. In the absence of Coulomb interaction 2π(B + µJ0)/µ2 ∼
Q. However, this naive expectation is invalidated due to the non-perturbative Coulomb
contributions [14], and instead we find 2π(B + µJ0)/µ
2 ∼ 1/a0 ∼ Q3/Λ2. Therefore the
contribution from the second set of diagrams scales as ∼ 2π(B + µJ0)a0/µ2 ∼ 1 compared
to the first set. This scaling holds over a range of momenta p . 70 MeV.
The relative contribution of the two body currents scales as ∼ a0k0L(ζ)E1 . The photon
energy k0 scales as ∼ Q3/Λ2 since we count p/µ ∼ γ/µ ∼ Q/µ ∼ Q2/Λ2 [14]. The relative
contribution of the two body current is ∼ a0Q3L(ζ)E1/Λ2 ∼ L(ζ)E1 for a0 ∼ Λ2/Q3. For natural-
size couplings L
(ζ)
E1 ∼ 1, the two body currents also contribute at LO.
The NLO corrections to the capture amplitude come from the s-wave shape parameter
corrections assuming s0 ∼ 1/Λ3. The amplitude from Eq. (39) can now be expanded as
A(p) =ALO(p) +ANLO(p) + . . . ,
ALO(p) =eiσ0C0(ηp)
[
−A(p)
µ
− 1 + 2π
µ2
B(0)(p) + αeB
(1)(p) + ∆B(p) + µJ0(p) + µ
2k0L
(ζ)
E1
− 1
a0
+ r0
2
p2 − 2kCH(ηp)
]
,
ANLO(p) =− eiσ0C0(ηp) 2π
µ2
s0p
4
4
B(0)(p) + αeB
(1)(p) + ∆B(p) + µJ0(p) + µ
2k0L
(ζ)
E1
[− 1
a0
+ r0
2
p2 − 2kCH(ηp)]2
. (42)
Naively, d-wave contributions would be NNLO, as they are suppressed by two relative
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powers of momentum compared to capture from s-waves. In our fits this is confirmed at c.m.
energies . 500 keV (p . 30 MeV). At higher energies (p ∼ 60 MeV) d-wave contributions
are around ∼ 25%. This might be related to an accidental cancellation between the s-wave
capture diagrams from Figs. 3 and 4 when a0 ∼ 30 fm. We include the d-wave contribution
in perturbation at NLO. Higher order two-body currents, and possible d-wave initial state
strong interactions, would constitute NNLO errors.
We do a simultaneous fit to S-factor measurements and phase shift analysis to determine
the parameters. At LO, the scattering parameters a0, r0, r
(+)
1 , r
(−)
1 and two-body current
couplings L
(+)
E1 and L
(−)
E1 describe the s-wave phase shift δ0, p-wave phase shifts δ
(+)
1 , δ
(−)
1 and
the capture cross sections. At NLO, three additional scattering parameters s0, σ
(+)
1 , σ
(−)
1
contribute to the respective phase shifts. Only s0 contributes to the capture process.
The capture data are from LUNA [38], Seattle [39], Weizmann [40], ERNA [41], and
Notre Dame [42]. The S34 measurements include both prompt photon and activation data.
For the former, the branching ratio R0 to the excited state compared to the ground state is
available. The R0 data are useful as they remove normalization errors from the cross section
measurements. We perform two sets of fits.
First, we fit the S34 and R0 to c.m. energies of about 500 keV. Though it would be
preferable to fit the ERE parameters at low energies, the available phase shift data starts
at around 1.9 MeV. For the p-wave, the binding momenta γ0 and γ1 provide a constraint at
zero energy. For the s-wave, no such low-energy constraints exist. It leads to large errors
in fitting a0. At LO, we fit the phase shifts to about 2.5 MeV. At NLO, we increase the
range of s-wave phase shift fit to about 3 MeV as we introduce the shape parameter s0. We
also use the LO value for r0 in the NLO fits. When we let r0 vary, we get similar values
and fitting errors. However, the scattering length a0 and shape parameter s0 have large
uncertainties though their central values are reasonable. Lack of low-energy phase shift
information provides no meaningful constraints on a0. We call this set of fits “Small range”
in the plots. Second, we fit the S34 and R0 to c.m. energies of about 1000 keV, and all the
elastic phase shifts to about 3 MeV. We call this the “Large range” fit in the plots. Again
we keep r0 fixed to its LO value in the NLO fits. We also performed a Jackknife fit over
the Large range, where we removed one whole data set from each of the five experimental
groups LUNA, Seattle, Weizmann, ERNA and Notre Dame, in turn. This gave results very
similar to the Large range.
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Fits a0 (fm) r0 (fm) s0 (fm
3) ρ
(+)
1 (MeV) σ
(+)
1 (fm) ρ
(−)
1 (MeV) σ
(−)
1 (fm) L
(+)
1 L
(−)
1
Small range (LO) 19.8± 7.9 1.1± 0.2 — -55.4±0.8 — -40.6±0.8 — 0.81±0.11 0.74±0.13
Large range (LO) 17.6± 4.2 1.2± 0.1 — -56.1±0.4 — -42.6±0.5 — 0.85±0.05 0.94±0.06
Small range (NLO) 24.8± 4.7 1.1± 0.2 -0.9±0.8 -57.8±1.7 1.68±0.07 -41.4±1.3 1.69±0.08 0.97±0.11 0.81±0.13
Large range (NLO) 21.6± 3.4 1.2± 0.1 -0.9±0.7 -55.4±0.5 1.59±0.03 -41.9±0.7 1.74±0.05 0.79±0.06 0.83±0.08
TABLE I. EFT parameters. The parameters were determined from simultaneous fits to the capture
3He(α, γ)7Be, and 3He(α,α)3He phase shift data as described in the text. We use the LO r0 values
in the NLO fits.
In Table I, we summarize our fits. The parameters are self-consistent across the two
different kinds of fits: Small range and Large range. This is reflected in the plots in Figs. 6,
7 and 8. The largest uncertainties were in the s-wave ERE parameters a0 and s0. Within
the uncertainties, a0 ∼ Λ2/Q3. The fitted s0 values were slightly smaller than the expected
∼ 1/Λ3. There is not a lot of difference in the LO and NLO capture cross sections at low
energy, Fig. 6. This is consistent with a small s0. The d-wave contributions are small, except
at higher energies where they, still of size NLO, bring the EFT numbers in better agreement
with capture data. Even the Small range numbers that were fitted to below 500 keV agrees
with capture data around 1 MeV. The p-wave ERE parameters are consistent with the
power-counting as well, ρ
(ζ)
1 ∼ Q, σ(ζ)1 ∼ 1/Λ. The p-wave phase shifts are reproduced at
NLO once the shape parameter σ
(ζ)
1 contributions are included, Fig 8. The dimensionless
two-body current couplings are of natural size, L
(ζ)
E1 ∼ O(1).
In Table II we list S34(0) in EFT. The errors from the fits were propagated to the S-
factor assuming a linear model as follows. For a function f(r;β), where r is the independent
variable and β the parameter set, we estimate the error as
δf(r;β) =
√
∂f(r;β)
∂βi
COVij
∂f(r;β)
∂βj
, (43)
where COVij are the elements of the covariance matrix. We indicate a theory error of 30%
and 10%, respectively, in our LO and NLO estimates. The central values of the EFT fits are
compatible within the errors with other estimates (0.593 keV b from FMD [43], 0.59 keV
b from NCSM [44], (0.567 ± 0.018 ± 0.004) keV b from LUNA [38], (0.595 ± 0.018) keV b
from Seattle [39], (0.53± 0.02± 0.01) keV b from Weizmann [40], (0.57± 0.04) keV b from
ERNA [41], and (0.554± 0.020) keV b from Notre Dame [42]).
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(
)
(
)
( )
FIG. 6. S-factor S34 for c.m. energy Ecm at LO (top panel) and NLO (bottom panel). The capture
data are from LUNA [38], Seattle [39], Weizmann [40], ERNA [41], and Notre Dame [42]. The
letters P and A after the experiment name are used to distinguish between prompt and activation
data as appropriate. The red dashed, and black solid curves are the halo EFT results from two
different fits described in the text. We show the d-wave contributions at NLO as red dot and black
dot-dashed curves in the bottom panel for the two different fits.
Finally, we comment on potential model calculations that do not include the two-body
current contributions. As mentioned, there is a large cancellation between the diagrams from
Figs. 3 and 4. In the absence of two-body currents this would require the wave function
renormalization constant to be large. This, however, is not an issue since a small variation
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( )
FIG. 7. Branching ratio R0 for capture to excited state to ground state for
3He(α, γ)7Be at LO (top
panel) and NLO (bottom panel). Data are from LUNA [38], Seattle [39], and Notre Dame [42].
The rest of the notation is the same as Fig. 6.
in ρ
(ζ)
1 can cause the normalization constant to be huge. [h
(+)]2Z(+) and [h(−)]2Z(−) have a
pole at approximately ρ
(+)
1 = −47.4 MeV and ρ(−)1 = −32.4 MeV, respectively, see Eq (28).
We explore this idea in Fig. 9 where d-wave contributions were not included to highlight
the cancellation. For illustration we fit the prompt data from LUNA [38], Seattle [39], and
Notre Dame [42] with and without the two-body current, to about 1200 keV. We also include
some phase shift data. The results are similar. The curve without two-body currents used
ρ
(+)
1 ≈ −49 MeV and ρ(−)1 ≈ −36 MeV, which are only slightly different than those in
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FIG. 8. 3He-α scattering phase shifts at LO (left panel) and NLO (right panel), as functions of
the c.m. energy Ecm. The data is from Ref. [29]. The rest of the notation is the same as Fig. 6.
Table I but lead to much larger wave function renormalization constant. The asymptotic
normalization constants (ANC) were evaluated in potential models, see Ref. [45]. These are
related to the wave function renormalization we calculate via
C21, ζ =
[γ(ζ)]2Γ(2 + kC/γ
(ζ))
π
[h(ζ)]2Z(ζ) . (44)
Using the calculated ANCs [45] C21,2P3/2 = 23.3 fm
−1 and C21,2P1/2 = 15.9 fm
−1, we get
ρ
(+)
1 = −52.3 MeV and ρ(−)1 = −38.7 MeV, respectively, in quite good agreement with the
EFT numbers without two-body currents.
VII. CONCLUSIONS
The capture cross section σ and the related S-factor S34 for
3He(α, γ)7Be were calculated
at low energies in halo EFT. E1 transitions from initial s- and d-wave states to the bound
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Fit S34(0) (keV b)
Small range LO 0.582± 0.011 (fit) ± 0.194 (EFT)
Large range LO 0.561± 0.007 (fit) ± 0.187 (EFT)
Small range NLO 0.544± 0.012 (fit) ± 0.054 (EFT)
Large range NLO 0.558± 0.008 (fit) ± 0.056 (EFT)
TABLE II. S34 at threshold. In the EFT results, the first error estimate is from the fits and the
second is an estimated 30% and 10% error to the LO and NLO EFT results, respectively. Note
that the EFT results are evaluated at E = 20× 10−3 keV.
(
)
( )
FIG. 9. S34 as a function of the c.m. energy Ecm. The fits include only prompt data from
LUNA [38], Seattle [39], and Notre Dame [42], with (red-dashed) and without (blue-solid) the
two-body currents, to about 1200 keV.
p-wave ground and excited states were considered. The Coulomb photons between the two
clusters 3He and α were iterated to all orders in perturbation. The LO contributions to
E1 transitions come from the initial s-wave Coulomb and short-range interactions, and from
two-body currents. At NLO, s-wave shape parameter and pure Coulomb d-wave initial state
interactions were included.
We determine the low-energy parameters by a simultaneous fit of the halo EFT expres-
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sions to S34 measurements, and s- and p-wave phase shifts. Two different fits were employed
that gave very similar results. The fits corroborate the adopted power-counting where the s-
wave scattering length and effective range both contribute at LO. The contribution from the
s-wave shape parameter is suppressed by a factor of Q/Λ compared to LO. Pure Coulomb d-
wave initial state interactions do not contribute significantly (. 10%) up to Ecm ∼ 500 keV,
and above that it behaves like a typical (. 30%) NLO correction. We estimate a 10% error
in the EFT results from higher order NNLO contributions from initial state d-wave strong
interactions and higher order two-body currents.
Despite the apparently good description of data, reasonable agreement among the differ-
ent fit schemes, and a converging pattern from LO to NLO, our fits use elastic scattering
data mostly concentrated on the high-energy end of the validity range of the halo EFT.
That causes certain instabilities in finding the optimal set of fitting parameters, since they
should in principle be better fixed at lower energies where data are scarce or even non-
existent. Nevertheless the halo EFT results for S34(0) are in good agreement with some
model extrapolations of experimental measurements [38–42] and also recent ab initio calcu-
lations [43, 44].
Moreover, we find with the current dataset that the contribution of two-body currents is
strongly correlated to the wave function renormalization constants in a way that a decrease
in one is compensated by an increase in the other. We showed the possibility of fitting phase
shifts and capture data to our expressions without two-body currents, similar to what is
done in potential model calculations. Experimental phase shifts at lower energies are likely
to provide stronger constraints on the EFT parameters with great chance to disentangle the
role of these terms. The planned TRIUMF experiment to measure phase shifts down to c.m.
energies of about 500 keV [46] would be useful to constrain the low-energy theory. It would
determine the wave function renormalization constants directly from elastic scattering data
without resorting to fits to capture data. The expressions presented here can be directly
applied to 3H(α, γ)7Li capture calculation where the main difference is the charge Zψ = 1
of the 3H nucleus. The EFT parameters would have to be tuned to the 3H-α system. This
work is under progress.
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